In this article, two-level compact implicit difference methods of O(k 2 + kh 2 + h 4) using 9-spatial grid points are proposed for the numerical solution of the system of two-dimensional nonlinear parabolic equations with variable coefficients subject to the Dirichlet boundary conditions, where k > 0 and h > 0 are step lengths in time and space directions, respectively. The proposed difference method for scalar equation is applied for the solution of the heat conduction equation in polar coordinates to obtain the two-level unconditionally stable ADI method of O(k 2 + h4). The method having two variables also has been successfully applied on two-dimensional unsteady Navier-Stokes' model equations in polar coordinates. Some numerical examples are presented to demonstrate the accuracy of the implementation.
Introduction
The numerical solution of two-dimensional parabolic equations in Cartesian and polar coordinates is of great importance in many fields of engineering and sciences. In this paper higher-order difference method has been proposed to solve the system of general two-dimensional nonlinear parabolic equations. Hirsh [4] and Ciment et al. [2-1 have discussed high-order operator compact implicit methods for the numerical solution of linear parabolic equations with variable coefficients. Monotone difference schemes for diffusion-convection equation were studied in [12] . Some highorder implicit schemes for the two-dimensional cylindrical heat equation were derived in [5] . Jain et al. [6, have developed difference methods of O(k 2 + kh 2 + h 4) for the system of nonlinear
82u
.
~2u ~2u A(x,y,t)-~x 2 + 2B(x,y,t) ~--~y + C(x,y,t) Oy2
=f(x, y, t, U(1), U (2) 
u(°(O,y,t) = g~)(y,t),u(')(1,y,t) = g~i)(y,t), t >t O, i = I(1)M,

u(i)(x, O,t) = h(d)(x,t),u(i)(x,
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and u = [u (1), u(2), ..., U(M)] T and f = [f(t), f(2) .... , f(M)]T are vectors having M components each, T being the transpose of vectors. Throughout the discussion we consider i = I(1)M, M being a positive integer. We assume that u ") e C+(O) and A "), B ") and C ") e C2(g2), where C"(O) is the set of all functions of (x, y, t) whose partial derivatives up to order m are continuous in the region £2. The differential equation (1) is assumed to satisfy the conditions A ") >0, C ") >0, [B")] 2 < A (°-C ") in the region £2. For the derivation of the difference method ofO(k 2 + kh 2 + h'*), we follow the ideas proposed in [13, 3, 1] and [8] for general elliptic equations. In this paper we consider two cases: case (I) A ") = C "), B ") ~ 0; case (II) B ") = 0 (see [3, 1] ). There does not exist a two-level difference scheme of O(k 2 + kh 2 + h +) involving 9-spatial grid points for the general two-dimensional parabolic equation. The discretization of Eq. (1) at an interior grid point requires 9M and 5M evaluations of the function ffor the cases (I) and (II), respectively. For both the cases we use 9-spatial grid points. In the next section we discuss the proposed finite difference methods.
The criterion of numerical stability of a linear parabolic equation has been discussed by the Von Neumann method. For polar coordinates we refine our procedure in such a way that the solutions retain the order and accuracy even in the vicinity of the singularity. A further refinement allows us to obtain unconditionally stable alternating directions implicit (ADI) methods which are of O(k 2 + h4). Such ADI methods require the solution of only tri-diagonal systems of equations parallel to coordinate axes, at each time step, independent of the order of the method. We also examined our difference methods over a set of linear and nonlinear parabolic equations including two-dimensional unsteady Navier-Stokes' model equations in polar coordinates and it has been verified that the proposed difference methods are of O(h 4) for a fixed mesh ratio parameter 2 = k/h 2.
The finite difference methods
For the numerical integration of the system of parabolic equations (1) subject to the initial and boundary conditions (2)-(4), consider the two-level implicit high accuracy difference methods described in the following. Let h > 0 and k > 0 be the step lengths in space and time coordinates, respectively. We replace the region t2 by a set of grid points (x,,ym, t j) denoted by 
•(i)j ir(i)j+O (9) l+p,m+q = t-J l+p,m+q~
Then the system of differential equations (1) at each grid point (l,m,j) may be discretized as 
Alternating direction implicit method and stability analysis
In this section we aim to obtain some unconditionally stable difference schemes for the class of two-dimensional singular parabolic equations and ensure that the numerical methods developed here retain their order and accuracy everywhere including the region in the vicinity of the singularity r = 0.
Let us consider first the linear parabolic equation of the form
A(x, y, t)uxx + C(x, y, t)urr = ut + D(x, y, t)u:, + E(x, y, t)uy + G(x, y, t).
The proposed method (18) for the linear equation (19) requires solution of a system of equations with a large bandwidth at each time level. It is also difficult to study the stability of such an equation. Therefore, we modify the linear difference equation using the relations of the type
in such a way that the order of the scheme is unchanged while the resulting difference equations require the solution of only tri-diagonal matrices at each time level. This difference scheme for (19) is given by
where
The scheme (20) is of O(k 2 q-h4). The additional terms are of high orders and do not affect the accuracy of the scheme but enables a factorization of the operators. Using the Von Neumann method, the amplification factor ~ can be written as
For stability we require that I~xl~< 1 and 1~21 ~< 1. The details of the unconditionally stable character of a linear scheme of two-dimensional diffusion-convection equation with constant coefficients has been studied by authors (see [7] ). In order to facilitate the computation we may write the scheme (20) in a split form as 
where it was shown that 1~11 ~< 1 and 1~21 ~ 1 for ~t = 1 and 2. Thus, the ADI method (22) with the coefficients listed in (24) for Eq. (23) is unconditionally stable for ~ = 1 and 2. Similarily, for the two-space problem 
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where ~, fl are constants and Re = v-~ > 0 is also a constant and represents Reynolds number (see [10, 11] ). Using the same approach, the difference scheme of O(k 2 + h 4) for (26) may be written as . j+l j . j+l j 
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The above set of equations represents two space unsteady Navier-Stokes' model equations in spherical polar coordinates in the r-O plane. Replacing the variables x, y by r, 0, respectively, and setting =fl=2, a=d=l/r 2, b=f=g=l/r, c=cot0/r 2, e=cosec 20/r 2 in (26), we get the method (27) for solving (28). Now consider the two space dimensional unsteady Navier-Stokes' model equations in cylindrical polar coordinates in the r-O plane:
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and replacing the variables x, y by r, 0, respectively, and putting ~ = 1, fl = 2, a = d = e = 1/r 2, b =f= 9 = 1/r, c = 0 in (26), we get the method (27) for solving (29). Similarly, for the system of two space nonlinear equations,
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we have the method (27) In all the above ADI methods, the integration is first carried along the lines parallel to the 0-axis or z-axis, then along the r-axis. These methods produce tridiagonal systems for solution along the lines parallel to the axes. They are all two-level formulas so that no extra starting values are required and all these methods are unconditionally stable so that large step lengths along the t-direction may be used. These methods are also of O(k 2 + h4). For a fixed 2, all the above methods behave like fourth-order methods.
Computational implementation
In this section we have compared the numerical solution of two linear and five nonlinear problems with exact solutions, both in polar and Cartestian coordinates on the specified region f2. If we substitute the approximations (6)- (17) with 0 = ½ into the system of differential equations (1), we obtain the system of central difference schemes (CDS) of O(k 2 + h2). We have compared the proposed numerical methods with those obtained by using the corresponding CDS. The initial and Dirichlet boundary conditions and right-hand side functions may be obtained using the exact solutions. The linear equations have been solved using the ADI method whereas the system of nonlinear equations have been solved using the Newton-Raphson method. For numerical simplicity, we have restricted ourselves to the values M = 1 and 2. All computations were carried out using double-precision arithmetic at the Computer Service Centre, University of Delhi.
Problem 1. (a)
The problem is to solve (23) with the exact solution u = e-tr2cos(rc0).
(b) The problem is to solve (25) with the exact solution u = e-tcoshrcoshz. At r = 0, we have ur = 0 and all other conditions are provided from the exact solution.
The average absolute errors for the Problem 1 (a) and the root mean sqare (RMS) errors for the Problem 1 (b) are tabulated in Table 1 at t = 1.0 for ~ = 1, 2 for a fixed 2 = 1.6.
Problem 2. (1 + etcosxsin y)uxx + (1 + etsinxcos y) urr = ut + ~u(ux + u r) + f(x,y,t)
with the exact solution u = e-, cos x cos y. The maximum absolute errors at t = 0.5 are tabulated in Table 2 for different values of ~ for a fixed 2 = 0.8.
Problem 3 (Two-dimensional unsteady Navier-Stokes' model equations in polar coordinates).
The problem is to solve (28)-(30) with the exact solutions (a) u = 2e-tra cosO, v = -5e-tra sin O, (b) u = e-tr3 sin0, v = 4e-tracos0 and (c) u = e-, r 3 sinh z, w = -4e-t r 2 cosh z, respectively. The RMS errors are tabulated in Tables 3-5 , respectively, at t = 1.0 for various values of Re for a fixed 2 = 1.6. Table 4 Problem 3b: The RMS errors with the exact solutions u = e-t sin x sin y and v = e-t cos x cos y. The maximum absolute errors at t = 0.5 are tabulated in Table 6 for various values of (a, fl) for a fixed 2 = 0.8.
Conclusions
In this paper, we have derived two-level implicit difference method of O(k 2 + kh 2 + h 4) for solving the general two space nonlinear parabolic differential equation (1) . The method has been successfully applied to the heat equation in polar coordinates in order to obtain the two-level unconditionally stable ADI methods of O(k 2 + h4). The method gives accurate result everywhere including the region in the vicinity of r = 0. A special treatment is required if r = 0 is a part of the boundary and the solution is to be determined at r = 0. This is illustrated for Eq. (25) in the r-z plane. The solutions remain accurate at all points on r = 0 and the order is preserved. From the numerical results we found that the proposed difference methods of O(k 2 + kh 2 + h 4) are very near to the accurate one and stable for large parameter values, whereas the corresponding CDS are unstable. Therefore, numerical errors for CDS are overflowing for large parameter values. 
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The system of differential equations (1) in the absence of first derivative terms at the grid point (l, m, j ) is discretized by h 2 
